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Abstract 
A numerical simulation method for the Red Blood Cells’ (RBC) deformation is presented in this 
study. The two-dimensional RBC membrane is modeled by the spring network, where the elastic 
stretch/compression energy and the bending energy are considered with the constraint of constant 
RBC surface area. Smoothed Particle Hydrodynamics (SPH) method is used to solve the Navier-
Stokes equation coupled with the Plasma-RBC membrane and Cytoplasm- RBC membrane 
interaction. To verify the method, the motion of a single RBC is simulated in Poiseuille flow and 
compared with the results reported earlier. Typical motion and deformation mechanism of the RBC 
is observed. 
Keywords: Red Blood Cell (RBC), Smoothed Particle Hydrodynamics (SPH), Particle Methods, 
Meshfree Methods, Erythrocytes.  
Introduction 
The microcirculation of blood plays an important role in the human body, by providing oxygen 
from the lungs to the tissues and nutrients to the organs while removing wastes and carbon dioxides 
from organs and tissues respectively. This process is greatly affected by the physiological properties 
of the blood, especially by the rheological properties of the Red Blood Cells (RBCs) such as 
deformability of the RBCs. Among three different types of blood cells in the blood; RBCs 
(erythrocytes), white Blood Cells (leukocytes) and Platelets (thrombocytes); more than 99% of 
blood cells are RBCs and they occupy about 45% of total blood volume  (Kaoui, Biros, & Misbah, 
2009; Skalak, Ozkaya, & Skalak, 1989; Tsubota, Wada, & Yamaguchi, 2006a) .The healthy RBCs 
have a biconcave disk shape with a mean diameter of about 8µm and a mean thickness about 2µm at 
rest (Shi, Pan, & Glowinski, 2012). Its average surface area and the average volume are 135µm
2
 and 
90µm
3
 respectively (Shi, et al., 2012). Human RBCs are nonnucleated deformable liquid capsules 
(Pozrikidis, 2003) enclosed by a thin viscoelastic membrane, which consists of a lipid bilayer 
supported by a mesh-like cytoskeleton, formed by a network of spectrin proteins linked by short 
filament of actins (Fedosov, Caswell, & Karniadakis, 2010). This biological membrane contains 
large amount of hemoglobin and they are highly efficient in binding oxygen. 
 
Certain human diseases such as malaria and sickle-cell disease alter the rheological properties of 
RBCs, which leads to abnormalities of RBCs’ motion and deformation. It causes to some vascular 
diseases such as inefficient and improper microcirculation of blood. In order to diagnose and treat 
this kind of diseases, the mechanical behaviour of the RBCs and their responses to the changes in 
rheological properties should accurately and quantitatively be studied. However, the studies on 
deformation of RBCs are somewhat difficult due to the micro dimensions of the RBCs and the 
complex interaction with the blood vessels. Computational modelling can be one of the best tools 
for interpreting and predicting the RBCs mechanical behaviour. Recently developed meshfree 
lj θi 
mk 
 
mj 
 
mi 
 
Figure 1: Spring network 
model of the RBC 
formulation is a computational modelling technique, which can be used to cope with large 
deformation of RBCs and can be used to address the inhomogeneous problems. (Y. Liu & Liu, 
2006). Meshfree particle based methods have become popular in studying RBCs behaviour in 
microvessels. 
 
In this study, we developed an advanced numerical modelling technique using the Smoothed 
Particle Hydrodynamics (SPH) to analyze the behaviour of RBCs. SPH is advantageous in direct 
modeling of components of blood, such as RBC membrane, RBC exterior fluid, plasma and RBC 
interior fluid; cytoplasm using set of discrete particles. As the first step of this study, a mathematical 
model is developed based on conservation of mass and conservation of momentum equations to 
describe the RBCs motion.  Then it was converted into a discretized meshfree framework in a 
computer program using Fortran to analyze the motion and deformation mechanism of RBCs. 
Better understanding of the motion and deformation mechanisms of RBCs provide benefit for 
predicting the pathological conditions such as abnormal motions and deformations of RBCs, as well 
as yielding detailed knowledge for diagnosis and treatment of vascular diseases, that are related to 
RBCs. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Methodology 
Spring network model for the RBC membrane 
A two-dimensional spring network model is used to represent the RBC membrane, as used by the 
authors (Shi, et al., 2012; Tsubota, Wada, & Yamaguchi, 2006b). In this model, RBC membrane is 
expressed by 88 mass particles, which are interconnected by springs, as shown in Figure 2 and 
Figure 1. The elastic energy stored in the springs due to the stretch/ compression is given by Eq. (1) 
and the elastic bending energy stored in the springs due to the bending is given by Eq. (2). Energy 
associated with the incompressibility of the RBC membrane can be expressed by Eq. (3). The total 
energy of the RBC membrane is the sum of the above energies (Eq. (4)). 
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Figure 2: Typical shape of 
a healthy RBC membrane 
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 E=El+Eb+Es (4) 
  
Where E is the total energy, l0 is the reference length between pair of consecutive RBC particles (i 
and i+1) and se is the equivalent area of the RBC membrane, while li, θi, and s are the length of the 
springs, angle between pair of consecutive springs and area of the RBC membrane respectively. Kl, 
Kb and Ks are the energy constants. In this work, se value is chosen as the physiological shape of the 
healthy RBC, which can be obtained: se=π.(2.8×10
-6
)
2
×0.55 (Pan & Wang, 2009). The forces acting 
on the i
th
 membrane particle is calculated, using the principal of virtual work (Eq. (5)). 
 
 
i
i
E
r
F


  (5) 
Where the ri is the position vector of the i
th
 membrane particle and the Fi is the vectorial force 
acting on the i
th
 membrane particle. 
Governing equations for the flow field 
Navier-Stokes equations in Langrangian form are used to model the whole flow field, with the 
assumption of all the fluids are incompressible and the system is isothermal. Neglecting the 
gravitational effect, conservation of mass and conservation of momentum equations can be written 
by Eq. (6) and Eq. (7) respectively (Tanaka & Takano, 2005).  
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Where ρ and µ are the density and the dynamic viscosity of the fluid, ν is the velocity vector and p 
is the pressure while f is the vectorial external force acting on the fluid respectively and RBC 
particles, this is equal to value obtained from Eq. (5). 
SPH methodology 
Flow field including RBC exterior fluid plasma and interior fluid cytoplasm are discretized into a 
set of finite number of particles. Each particle represents a finite mass, associated with density and 
pressure. The system is evolved due to the interaction between discretized particles and due to the 
externally exerted forces (M. Liu & Liu, 2005). In the SPH method, any field function value (f) of a 
particle can be approximated from the same field function value of surrounding neighboring 
particles (inside of the influence domain, in Figure 3), using a smoothing or kernel function (W) as 
shown in Eq. (8). Similarly the first derivative of that field function can be approximated as by Eq. 
(9).    
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where N is the total number of particles and h is the smoothing length. For this two dimensional 
numerical simulation cubic spline smoothing function (Eq. (10)) is used as it has a narrower 
compact support over the other popular smoothing functions, as shown in Figure 4 (G. R. Liu & 
Liu, 2003). 
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where, R=│ri-rj│       h. Using the SPH concepts and the cubic spline smoothing function Eq. (6) and 
Eq. (7) can be rewritten as Eq. (11) and Eq. (12) (Morris, Fox, & Zhu, 1997). 
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In the SPH method, theoretically incompressible fluids are considered as actually compressible 
fluid. Artificial compression is introduced to the system to produce a pressure disturbance via quasi-
incompressible equation of state (Eq. 13).  
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where B is a problem dependent parameter, usually is the initial pressure (G. R. Liu & Liu, 2003) ρ0 
is the initial density and γ=7. This ensures large pressure variation correspond to the variations in 
density, which maintains the density variation less than 1% within the system.  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Initially all the plasma particles are distributed, outside of the RBC membrane, such that the 
minimum distance between any two particles is equal to 0.2µm (Figure 5). RBC interior cytoplasm 
particles also arranged in the same manner. To validate the model pressure driven Poiseuille flow is 
applied to the fluid domain and the behavior of the RBC shape is investigated. Lennard-Jones form 
repulsive force is applied pair-wisely (Eq. 14) to the Plasma and Cytoplasm particles to avoid the 
penetration of capillary wall and RBC membrane (G. R. Liu & Liu, 2003).  
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where D is a problem dependent parameter, usually is equal to the square of the maximum velocity 
and r0 is equal to 0.2µm.  
 
Behavior of the RBC is studied in the Poiseuille flow. Pressure is applied to the all SPH particles, 
with a uniform pressure gradient in x direction (Eq. 15) to create the Poiseuille flow (Zhang, Zhang, 
& Ye, 2009), at the inlet pressure is converted in to the x+ directional force, Fx via Eq. 16, to make 
sure the motion of the particles are in x+ direction only.  
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where P1 and P2 are inlet and outlet pressures, in this study P2 is taken as zero, with the variable P1 
according to the expected RBC velocity. Periodic boundary conditions are applied. 
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Figure 4: Particles inside 
of the influence domain 
contribute to determine 
the field function value 
of i
th
 particle Figure 3: Behavior of the cubic spline kernel   
  
 
 
 
 
 
 
 
 
 
Results and Discussion 
RBC shape deforms from its initial biconcave shape to parachute shape gradually, when RBC 
advances in the Poiseuille flow (6). Similar behaviour is reported by the previous work (Shi, et al., 
2012; Ye, Li, & Lam, 2010). At the steady state, RBC reaches parachute shape which allows the 
RBC to move even through capillaries which have smaller diameters than the diameter of the RBC 
at the rest. The steady state shape obtained by this study is comparable with the shapes reported in 
the literature ((Hosseini & Feng, 2009). This phenomenon is important to effective capillary mass 
transfer in microcirculation (Vadapalli, Goldman, & Popel, 2002).  
 
At the start RBC membrane particles follow the parabolic velocity profile, which follows the 
velocity profile of the Poiseuille flow. Gradually all the RBC membrane particles reach a unique 
velocity, which implies there is a relative motion of the RBC with respect to the plasma flow 
(Figure 7). Velocity profile of the system reveals that the plasma particles next to the capillary wall 
boundary flow at zero velocity, while the plasma partial at the centerline of the fluid flow reach the 
maximum velocity. Simulate of this RBC motion with 1 CPU, took about 30 hours to obtain the  
 
  
Figure 5 : Initial Shape of the RBC, particles inside of the 
RBC are cytoplasm and particles outside are plasma 
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Figure 6: Deformation of the RBC at time=0s, 0.001s, 0.002s, 0.003s, 0.004s and 0.005s 
results at 0.00405s. Parallel processing of the FORTRAN code should be included to improve the 
processing time. At the time of 0.00405s still the RBC has not reached its steady state as the 
variation of the velocity of the RBC particles can be seen in the Fig. 7. This simulation should be 
carried out much longer time to obtain the results at the steady state. The deformability of the RBCs 
is significanty depends on the energy constant of bending energy (Kb), velocity of the RBC and the 
width of the capillary tube, through which RBCs flow (Ye, et al., 2010). The motion and 
deformation mechanism of the RBC with respect to changes in these parameters should be 
investigated. 
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Figure 8 : velocity profile of the system 
 
 
Conclusions 
In this work, it is assumed that plasma particles and cytoplasm particles have same properties as 
water. Using SPH method, RBC membrane – fluid interactions can be easily simulated. Here rather 
qualitative analysis is presented and the study should be carried out for quantitative analysis.   For 
more precise study, the interaction of the multiple RBCs, White Blood Cells and Platelets should be 
considered.  This methodology will be extended to investigate accurate deformation mechanism of 
the RBC. More realistic Three-dimensional RBC model will be developed in the near future. 
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